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ABSTRACT 

This paper presents two motion control methods for a lower limb rehabilitation robot 

based on compensate gravity proportional-derivative and inverse dynamic proportional-

derivative (PD) control algorithms. The Robot’s mechanism is comprised of three active 

joints: hip joint, knee joint and ankle joint, which are driven by DC motors. Firstly, 

based on Robot’s mechanism, a dynamic model of the Robot is built. Then, based on 

Robot’s model, motion control systems for Robot are designed. Simulation results show 

good performances and workability of these proposed controllers. Finally, the 

calculation of the joint angle errors and toque of each controller is performed. The 

comparison of simulation results between proposed controllers and the adaptive fuzzy 

controller allows to choice suitable motion control methods for Robot that can meet the 

requirements of a 3 DOFs lower limb rehabilitation robot for post-stroke patient. 

Keywords: Rehabilitation robot, compensate gravity, motion control, inverse dynamic 

1. INTRODUCTION 

To assist post-stroke patients who suffer from motion after stroke and reduce the stress 

of physiotherapists, a 3 DOFs lower limb rehabilitation robot was designed and 

proposed in our previous paper [1]. This robot was designed for using in all stages of 

rehabilitation after stroke, including: early rehabilitation stage with continue repetitive 

passive exercises to maintain joint motion range and reduce muscle atrophy; 

intermediate training stage with active support exercises to encourage patients to 

strengthen their own advocacy efforts; advanced training stage with active and anti-

active training mode helps to expand the range of joint motion and strengthen patient’s 

muscles. In order to get satisfying control effect, various control methods have been 

used for Robot which is suitable to each stage of motion. This paper focuses on building 

advanced controllers for motion control of robot, which are used in the early 

rehabilitation stage of the post-stroke patient. 

In the early rehabilitation stage, patients need to be supported in the passive mode with 

continue repetitive passive exercises. The position control strategy with the trajectory 

tracking control method is appropriate and required as shown in [2]. Various position 

control methods for lower limb rehabilitation robots have been proposed. Trajectory 
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generation methods have been desinged and implemented by Emken et al. in [3] with 

“teach-and-replay” technique for ARTHuR robot. In their research at [4], Vallery H et 

al. proposed the Complementary Limb Motion Estimation (CLME) method, which is 

implemented on the walking gait robot. LOPES or the “path control” method is 

introduced by Duschau Wicker et al. with “patient-cooperative” strategy that allows 

patients to automatically control their leg movements actively [5].  

Once the desired motion pattern is determined, trajectory tracking control strategy to 

guide patient’s limbs on the reference trajectory have been developed, including: i) a 

computed-torque controller with inverse dynamics model is used for the ankle 

rehabilitation robot ARBOT [6]; ii) an adaptive and robust learning control was 

developed by Renquan L. et al. to solve time-varying uncertainties in robotic model of a 

4 DOFs lower limb rehabilitation [7]; iii) a sliding mode controller was used to 

designed a trajectory tracking controller in an orthosis robot [8] or a fuzzy logic 

controller, which work with a disturbance observer to compensate the no-linear 

characteristics of  pneumatic muscle actuators in an ankle parallel rehabilitation robot 

[9]; iv) a fuzzy logic program was used in a lower limb rehabilitation robot system to 

create a fit in human-robot interaction [10]. Although various controllers have been 

used in rehabilitation robots, it is still difficult to achieve the expected results when 

applying model-based controllers with dynamic and uncertain systems.  

In this paper, we propose two advanced motion control methods for the 3 DOFs lower 

limb rehabilitation robot based on compensate gravity proportional-derivative (CGPD) 

and inverse dynamic proportional-derivative (IDPD) control algorithms. This paper is 

organized as follows: Section 2 presents advanced methods for motion control of the 

Robot. Simulation results and discussion are presented in Section 3. Finally, Section 4 

concludes this paper. 

2. ADVANCED MOTHODS FOR MOTION CONTROL OF THE ROBOT 

2.1 Robot’s Mechanism and Dynamic Model  

In our previous research [1], we have investigated the mathematical model of the 3 

DOFs lower limb rehabilitation robot. The mechanical structure of the robot provides 

supports for rehabilitation training with three main joints of lower limb, including hip, 

knee and ankle joints. Movement of each joint is driven by a DC motor. The mechanism 

of Robot is shown in Fig. 1. 

  

Fig. 1. Mechanism of Robot 

The dynamic model of the Robot is written in matrix form as [1]: 
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                 𝑀(𝑞)�̈� + 𝑉(𝑞, �̇�) + 𝐺(𝑞) = 𝜏                              (1) 

Where:   

+ M =[

𝑚11 𝑚12 𝑚13

𝑚21 𝑚22 𝑚23

𝑚31 𝑚32 𝑚11

]  is the manipulator inertia matrix,  

+ 𝑉(𝑞, �̇�) =  [𝑉1 𝑉2 𝑉2]𝑇  is the velocity coupling vector,  

+ 𝐺(𝑞) = [𝐺1 𝐺2 𝐺2]𝑇  is the gravitational vector, 

+ 𝜏 = [𝜏1 𝜏2 𝜏2]𝑇 is the vector of generalized forces, 

+ 𝑞 = [𝜃1 𝜃2 𝜃3]𝑇 is vector of generalized Lagrange coordinates. 

2.2 Compensate gravity proportional-derivative control algorithm 

Block diagram of the proposed compensate gravity proportional-derivative (CGPD) 

controller is shown in Fig.2. 

 
Fig.2. Block diagram of the CGPD controller 

Based on Liapunov's stability direct method as shown in [11], we build a control law 

with Lyapunov function is selected below: 

   𝑉𝐿 =
1

2
[𝑒𝑇𝐾𝑝𝑒 + �̇�𝑇𝑀(𝑞)�̇�]                                  (2) 

Where:  

[𝑒𝑇 , �̇�𝑇]T 
are state variables, VL is total energy of system, 

1

2
𝑒𝑇𝐾𝑝𝑒  is potential 

energy accumulation with Kp gain, 
1

2
�̇�𝑇𝑀(𝑞)�̇� is robot kinetic energy. 

Because Kp is positive symmetric matrix, VL > 0 with 𝑒, �̇� ≠ 0. The first order 

derivative of VL is calculated:  

�̇�𝐿 =
1

2
�̇�𝑇𝐾𝑝𝑒 +

1

2
𝑒𝑇𝐾𝑝�̇� +

1

2
�̈�𝑇𝑀(𝑞)�̇� +

1

 2
�̇�𝑇�̇�(𝑞)�̇� +

1

2
�̇�𝑇̇

𝑀(𝑞)�̈�        (3) 

Since qd is constant so �̇� = −�̇� 

M(q) is positive symmetric matrix:  

�̇�𝑇𝐾𝑝𝑒 = 𝑒𝑇𝐾𝑝�̇� 𝑣à �̈�𝑇𝑀(𝑞)�̇� =  �̇��̇�𝑀(𝑞)�̈�                       (4) 

Using these constraints, Eq. (3) can be written as follow: 

        �̇�𝐿 = −�̇�𝑇𝐾𝑝𝑒 +
1

2
�̇�𝑇�̇�(𝑞)�̇� + �̇�𝑇̇ 𝑀(𝑞)�̈�                               (5) 

Eq. (1) is rewritten as below: 

        𝑀(𝑞)�̈� + 𝐶(𝑞, �̇�)�̇� + 𝐺(𝑞) = 𝜏                                                                              (6) 

With:  

           𝐶(𝑞, �̇�)𝑞 ̇ =  [

𝑐11 𝑐12 𝑐13

𝑐21 𝑐22 𝑐23

𝑐31 𝑐32 𝑐11

]  is Centrifugal and Coriolis matrices 

From Eq. (6) we obtain the inertial matrix: 
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          𝑀(𝑞)�̈� = 𝜏 − 𝐶(𝑞, �̇�)�̇� − 𝐺(𝑞)                                    (7) 

Substituting Eq. (6) into Eq. (5), and by adding or removing 𝑞𝑇𝐾𝑑�̇� (with KD is positive 

symmetric gain matrix) we obtain: 

�̇�𝐿 = −�̇�𝑇𝐾𝑝𝑒 +
1

2
�̇�𝑇�̇�(𝑞)�̇� + �̇�𝑇̇ [𝜏 − 𝐶(𝑞, �̇�)�̇� − 𝐺(𝑞)] + 𝑞𝑇𝐾𝑑�̇� − 𝑞𝑇𝐾𝑑�̇� 

 =
1

2
�̇�𝑇[�̇�(𝑞) − 2𝐶(𝑞, �̇�)]�̇� + �̇�𝑇[𝜏 − 𝐺(𝑞) − 𝐾𝑝𝑒 + 𝐾𝑑�̇�] −  𝑞𝑇𝐾𝑑�̇�             (8) 

Note that the properties of dynamics function [12]: 

          𝑀(𝑞) − 2𝐶(𝑞, �̇�)  = 0                               (9) 

Chose 𝜏 = 𝐺(𝑞) + 𝐾𝑝𝑒 − 𝐾𝑑�̇�  then:   

          �̇�𝐿 = − �̇�𝑇𝐾𝑝q̇  < 0                                          (10) 

With condition (4) and (10), system will be absolute stable around stability point with 

position joint error, 𝑒 = 0, and 𝑞 =  𝑞𝑑. 
The CGPD controller is chosen below: 

            𝜏đ𝑘 = 𝐺(𝑞) + 𝐾𝑝𝑒 − 𝐾𝑑�̇�                             (11) 

With two parts:  

+ 𝐺(𝑞) - gravity compensation part 

+ 𝐾𝑝𝑒 − 𝐾𝑑�̇� Proportional - derivative (PD) terms 

2.3 Inverse dynamic proportional-derivative control algorithm 

Because the robot is a nonlinear system, we select a control law which can eliminate the 

nonlinear components of the dynamic model and separate kinematic characteristic of 

links.  Then, we will get a linear system and can be easily to design a controller based 

on the classical method of linear system to ensure the accurate motion as required. 

Block diagram of the proposed Inverse dynamic proportional-derivative (IDPD) 

controller is shown in Fig.3. 

 

Fig.3. Block diagram of the IDPD controller 

Base on robot dynamic model, the control law is chosen below: 

 𝜏 = 𝑀(𝑞)𝑈 + 𝑉(𝑞, �̇�) + 𝐺(𝑞)                                  (12) 

Where: 

 𝑈 𝜖 𝑅𝑛 is control signal vector 

Equated Eq. (1) and Eq. (12), because M(q) is a positive symmetric matrix, we obtain 

second order linear differential equation: 

�̈� = 𝑈                                               (13) 

Eq. (13) is a second-order linear differential equation, which depends on each joint, so 

we can design PD controllers for each joint. The PD control law is proposed as below: 

             𝑈 = �̈�𝑑 + 𝐾𝑝𝑒 + 𝐾𝑑�̇�                                    (14) 



Le Thi Hong Gam, Dam Hai Quan, Bui Trung Thanh, Pham Van Bach Ngoc 

320 
 

With: �̈�𝑑 =
𝑑

𝑑𝑡
�̇�𝑑 ;  𝑒 = 𝑞𝑑 − 𝑞, �̇� = �̇�𝑑 − �̇� are joint acceleration, angle error, velocity 

error, respectively; 𝐾𝑝 𝜖 𝑅𝑛𝑥𝑚, 𝐾𝑑 𝜖 𝑅𝑛𝑥𝑚 are positive diagonal matrices. 

Substituting Eqs. (13) into (14), we obtain: 

�̈� = �̈�𝑑 + 𝐾𝑝𝑒 + 𝐾𝑑�̇�      →         �̈� + 𝐾𝑑�̇� + 𝐾𝑝𝑒 = 0                 (15) 

Where: �̈� = �̈�𝑑 − 𝑞 ̈  is joint acceleration error. 

With i
th

 joint: 

                       �̈�𝑖 + 𝐾𝑑𝑖�̇�𝑖 + 𝐾𝑝𝑖𝑒𝑖 = 0                                     (16) 

Characteristic equation in Laplace form can be written as: 

                    𝑠2 + 𝐾𝑑𝑖𝑠 + 𝐾𝑝𝑖 = 0                                                                                 (17) 

Kpi, Kdi are calculated follow stability criteria. 

 

As shown in Fig.3 𝑞 𝜖 𝑅𝑛, �̇� 𝜖 𝑅𝑛 are actual angle joint and actual angle velocity vector, 

respectively; 𝑞𝑑 𝜖 𝑅𝑛, �̇�𝑑  𝜖 𝑅𝑛 are desired angle joint and desired angle velocity vector, 

respectively; 𝜏 𝜖 𝑅𝑛 is moment of actuator joint; 𝑈 𝜖 𝑅𝑛 is control signal vector. 

 

3. SIMULATION RESULTS AND DISCUSION 

 

3.1 Simulation results of the compensate gravity PD cotroller 

Equated the Robot’s dynamic equation (1) with the equation of the CGPD controller 

(10), we have: 

𝑀(𝑞)�̈� + 𝑉(𝑞, �̇�) + 𝐺(𝑞) = 𝐺(𝑞) + 𝐾𝑝(𝑞𝑑 − 𝑞) − 𝐾𝑑�̇� 

=> 𝑀(𝑞)�̈� + 𝑉(𝑞, �̇�) = 𝐾𝑝(𝑞𝑑 − 𝑞) − 𝐾𝑑�̇� 

           =>   �̈� = 𝑀−1(𝑞)[ 𝐾𝑝(𝑞𝑑 − 𝑞) − 𝐾𝑑�̇� − 𝑉(𝑞, �̇�)]         (18) 

From Eqs.(18), a simulation model is built in Simulink of MATLAB with system 

parameters are shown in Table 1. 

Table 1. Parameters of system 

 

Parameter i = 1 i = 2 i = 3 

mi (kg) 3.2 3.1 0.25 

Li (m) 0.4 0.48 0.33 

ai (m) 0.2 0.24 0.165 

Fs (Nm) 0.9 0.9 0.9 

Fc(Nm) 0.8 0.8 0.8 

bi(Nm/rad/s) 1.2 1.2 1.2 

Km(Nm/A) 0.08 0.08 0.08 

Ke(V/rad/s) 0.287 0.287 0.287 

Lm (H) 0.0026 0.0026 0.0026 

Rm () 1.2 1.2 1.2 

Im (kg m
2
) 0.000025 0.000025 0.000025 

Kg 19 19 19 

 

Parameters of controller are selected as following:   

  Kp=[450  0  0;0  450  0;0  0  450], 

   KD=[50  0  0;0  50  0;0  0  50]    

  and q_design =[1.5,1,1.2] 
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a. Hip angle with reference angle is equal to 

1 (rad)  

 

b. Hip angle with reference angle is 

sinusoidal function 

 

Fig. 4. Simulation results of the CGPD controller 

 
a. Angle error of hip joint with the CGPD 

controller 

 

b. Toque of hip, knee and ankle joints with 

the CGPD controller 

Fig. 5. Angle error and torque of joints with the CGPD controller 

The simulation of hip, knee and ankle joints are implemented. Because the results for 

three DOFs are quite similar, we present the simulation results of hip angle, which 

simulated with two different reference angles as shown in Fig.4. Angle error and toque 

of hip, knee and ankle joints are shown in Fig.5. 

These results show that the CGPD controller in the joint space has been designed to be 

stabilize with the following performances: 

i) Transient time is small. because the frictions of the mechanical system, the inertia of 

the actuator and disturbances were not taken into account during the simulation. In fact, 

it is certain that transient time will be larger. 

ii) Overshoot is about 15%. 

iii) Steady-state error: To evaluate steady-state error of the system, the Integral of the 

Square of the Error (ISE) is used as below [11]: 

  𝐽𝐼𝑆𝐸 =  ∫ 𝑒2(𝑡)𝑑𝑡
+∞

0
              (19) 

The designed CDPD controller has JISE = 1.06. 

To investigate the affection of Kp, Kd to controller performance, we try: 

i) Keep Kp, when increasing Kd in range from 15 to 20, then the oovershoot and 

ttransient time decreasing and vice versa. 
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ii) Keep Kd, when increasing Kp in range from 100 to 180, then the ttransient time 

decreasing and vice versa. 

Fig.5 show that with sinusoidal desired trajectory, after the transient time is about 0.6s, 

the actual joint angle tracks the trajectory. 

3.2 Simulation results of the inverse dynamic PD controller 

Based on controller proposed in section 2.3, the simulation is performed in the 

MATLAB/Simulink software. Model parameters are summarized in Table 1. Parameters 

of controller are chosen as follows:  

  Kp =[156.25  0  0;0  156.25  0;0  0  156.25]   

  Kd=[25  0  0;0  25  0;0  0  25] 

Simulation results of hip joint angle with two desired angle are shown in Fig.6. Error of 

joint angle and actuated joint torque are shown in Fig. 7. 

 
a. Hip angle with reference angle is equal to 

1 (rad) 

 

b. Hip angle with reference angle is 

sinusoidal function 

Fig.6. Simulation results of the IDPD controller 

 

Simulation results of inverse dynamic controller shows that overall parameters are 

satisfactory. 

 
a. Angle error of hip joint with the 

IDPD controller 

 
b. Toque of hip, knee and ankle joints 

with the IDPD controller 

 

Fig. 7. Angle error and torque of joints with the IDPD controller 
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To compare the performance of two proposed controllers, the Integral of the Square of 

the Error (ISE) is used. The results of calculation on both controllers show ISE value of 

CGPD controller (JISE=1.06) is less than the value of IDPD controller (JISE=10.12).  

 
Fig. 8. Comparing angle error between two controllers 

 

The angle joint error of both controller in Fig.8 shows that the angle joint error of the 

CGPD controller is larger than IDPD controller in transient state, but much less than the 

value of the IDPD controller in steady state. Table 2 shows comparisons of the 

performance between two controllers. 

Table 2. Compare the performance of two controllers 

 

Specifications CGPD controller IDPD controller 

Transient time 0.6 s 0.5s 

Overshoot 15%  0 

Steady-state error (JISE) 1.06 10.12 

 

 
Fig. 9. Hip angle with sinusoidal input of the adaptive fuzzy controller [13] 

In addition, to evaluate the effectiveness of the proposed controller, the comparison of 

the trajectory tracking of propose controllers with the adaptive fuzzy controller which is 

studied in [13] was conducted. Fig. 9 is hip angle with sinusoidal input of the adaptive 

fuzzy controller. Fig.4b, Fig.6b and Fig.9 show the trajectory tracking error of the CGPD 

controller, the IDPD controller and the trajectory tracking of the adaptive fuzzy 
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controller are similar but transient time of the advanced methods presented are better 

(about 2s with the adaptive fuzzy controller and 0.5s with propose controllers).  

4. CONCLUSION 

This paper presented advanced methods for motion control a 3 DOFs lower limb 

rehabilitation robot used for improving lower limb motions exercises which are used in 

the early rehabilitation stage of the post-stroke patient. In the early rehabilitation stage, 

patients need to be supported in the passive mode with continue repetitive passive 

exercises, so the position control strategy with the trajectory tracking control method is 

appropriate.  

Based on dynamic model of the 3 DOFs lower limb rehabilitation has been studied, two 

advanced control methods for motion control of this robot was designed and simulated. 

The CGPD controller was built with two parts, G(q) - gravity compensation part and 

(𝐾𝑝𝑒 − 𝐾𝑑�̇�) - PD part, which is used to compensate the gravity of robot and the 

patient’s leg and control Robot to perform tasks. The IDPD controller was built with 

robot inverse dynamic model and could eliminate the nonlinear components of the 

Robot and separate kinematic characteristic of links. It can also control Robot to 

perform the moving in the desired trajectory task.  

Simulation results show that both controllers meet the performance of a motion control 

system. The comparison of the performance between two proposed controllers with the 

adaptive fuzzy controller shows that the performance of two proposed controllers are 

better. The advanced methods presented in this study will serve as framework for the 

design and development of patient-oriented rehabilitation exercises. In the future study, 

we plan to present some experiment test results to compare with the simulation results. 

Further studies will also focus on the integration of the force control in the control 

algorithms to encourage patients to strengthen their own advocacy efforts during 

training process with active and anti-active exercises in later stages of the rehabilitation 

of post-stroke patients.  
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